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Due to the ill-posed nature of image denoising problem, good image priors are of great importance for an
effective restoration. Nonlocal self-similarity and sparsity are two popular and widely used image priors
which have led to several state-of-the-art methods in natural image denoising. In this paper, we take
advantage of these priors and propose a new denoising algorithm based on sparse and low-rank repre-
sentation of image patches under a nonlocal framework. This framework consists of two complementary
steps. In the first step, noise removal from groups of matched image patches is formulated as recovery of
low-rank matrices from noisy data. This problem is then efficiently solved under asymptotic matrix
reconstruction model based on recent results from random matrix theory which leads to a parameter-
free optimal estimator. Nonlocal learned sparse representation is adopted in the second step to suppress
artifacts introduced in the previous estimate. Experimental results, demonstrate the superior denoising
performance of the proposed algorithm as compared with the state-of-the-art methods.

� 2016 Elsevier Inc. All rights reserved.
1. Introduction

This paper addresses the problem of image denoising in which
the goal is to reconstruct the latent clean image x from its noise-
degraded observation y ¼ xþw where w is additive white Gaus-
sian noise (AWGN) with zero mean and standard deviation r. This
problem is a classical yet active topic in low level image processing
that serves as an important pre-processing step for many vision
applications and provides a convenient test-bed over which vari-
ous statistical image modeling methods can be assessed [1].

As image denoising is typically an ill-posed problem, the solu-
tion might not be unique. Therefore, natural image priors are
widely used in order to regularize the possible solution spaces into
the desired one. In fact, image priors are of utmost importance for
an effective noise removal; hence various image priors have been
developed [1]. A very strong prior for natural images is the nonlo-
cal self-similarity (NSS) of small image patches within the image.
The nonlocal means algorithm [2] is the first attempt to explicitly
exploit nonlocal self-similarity for image denoising. This influential
work has unleashed a flood of studies on nonlocal image restora-
tion. Hence, many variants of nonlocal means [3–10] and several
advanced nonlocal image denoising algorithms [11–20] have been
developed.

Another well-known prior model is sparse representation
which assumes that the clean signal can be well approximated
by a linear combination of few basis elements – or atoms – from
a set called a dictionary [21]. The idea of sparsity is traced back
to the late 1980s when the sparsity of the wavelet coefficients
was considered as an appropriate prior knowledge of natural
images [21,22], leading to the famous shrinkage algorithm [23].
Evolution of this idea and development of overcomplete dictionar-
ies introduced efficient and provably effective algorithms based on
greedy pursuit [24,25] or convex optimization [26] to compute sig-
nal representations over arbitrary overcomplete dictionaries. Spe-
cializing the dictionary atoms in representing the intended signal
and producing data adaptive dictionaries have motivated a wide
range of investigations on dictionary learning during the last dec-
ade, resulting in several state-of-the-art dictionary learning algo-
rithms such as K-SVD [27], online dictionary learning (ODL) [28],
and recursive least squares dictionary learning (RLS-DL) [29].

By using the learned sparse representation models, promising
results have been obtained in image and video denoising [22,30–
32]. These methods produce patch-wise estimates and the final
denoising results are calculated by aggregating the multiple esti-
mates for pixels lying on the patch overlaps. Despite good denois-
ing performance compared to point-wise estimators such as
nonlocal means algorithm [2], these methods do not take into
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account the patch redundancy within image. It has been shown
that joint use of sparsity and nonlocal self-similarity priors pro-
vides stronger image model, as exhibited in the state-of-the-art
denoising methods BM3D [15] and LSSC [16]. The sparsifying dic-
tionaries employed in these methods are kept fixed for all groups
of similar image patches. However, sub-dictionaries adapted to
each group could be used for better image modeling.

More recently, low-rank approximation for extracting low-
dimensional structures in data has attracted attention in science
and engineering resulting in an explosion of research in its theory
and algorithms. Low-rank matrix approximation, for recovering of
a low-rank matrix from its corrupted observation, appears in very
many applications in various fields including computer vision,
machine learning, signal processing, and bioinformatics. For
instance, use of low-rank approximation can be found in applica-
tions such as face recognition [33], background modeling [34],
medical image reconstruction [35,36], image alignment [37], video
denoising [38], and image restoration [20,39] among others. As the
generalization of sparse structures to correlated signals, low-rank
approximation provides an effective approach toward modeling
of nonlocal self-similarities in natural images.

In this paper, we develop a nonlocal image denoising approach
in which two steps of low-rank approximation and sparse repre-
sentation are employed. The first step of our algorithm is built
upon the methodology of patch grouping and collaborative filter-
ing where the proposed low-rank regularized collaborative filter-
ing is applied. Indeed, noise removal from groups of matched
image patches is formulated as low-rank matrix denoising. Based
on recent results from random matrix theory, this problem is
solved under asymptotic matrix reconstruction model leading to
an optimal singular value shrinkage operator. In the second step,
nonlocal learned sparse representation model is adopted to
improve the shortcomings of the first step in flat image areas
and to reduce artifacts around edges. This sparse model exploits
the nonlocal redundancies to obtain a more accurate estimate of
the original image.

In summary, our main contributions are as follows: (a) We
exploit both sparsity and low-rank priors within a nonlocal denois-
ing framework. (b) For the patch-based image denoising, we intro-
duce a low-rank matrix estimator based on an optimal singular
value shrinker, which does not require any threshold tuning. We
prove that this shrinkage function can be applied to obtain optimal
solution of weighted rank minimization problem with Frobenius
norm data fidelity. (c) We apply nonlocal sparse representation
model using a sparsifying overcomplete dictionary learned from
the first-step estimate. The nonlocal redundancy is exploited to
Fig. 1. Low-rank characteristic of natural image blocks due to the nonlocal self-similar
patches corresponding to the reference ones shown in (a). These matrices have been sh
modify the initial sparse representations and produce a more accu-
rate estimate of the original image.

The experimental results demonstrate that our proposed algo-
rithm, called Sparse and Low-rank Representation based Denoising
(SLRD), has superior performance compared with the state-of-the-
art methods in both peak signal-to-noise ratio and visual quality.

The rest of the paper is organized as follows. In Section 2 we
elaborate on the details of low-rank matrix recovery in presence
of noise and its integration into a nonlocal denoising scheme. Non-
local sparse model as second part of our algorithm is also described
in this section. Experimental results, comparison with the state-of-
the-art methods, and objective assessments are presented in Sec-
tion 3. Finally, Section 4 concludes the paper.

2. Proposed denoising scheme

Motivated by the great success of sparse representation and dic-
tionary learning in various image restoration applications and con-
siderable progress of low-rank approximation in recent years, we
developed a new image denoising algorithm by considering both
concepts of sparse representation and low-rank models. The
denoising procedure is accomplished in two successive steps of
the low-rank representation of nonlocal similarities and the sparse
representation with respect to a learned overcomplete dictionary.
The details of these steps are presented in the following
subsections.

2.1. Step 1: Low-rank representation

In recent years there has been a surge of interest in data approx-
imation by low-dimensional models such as sparsity, low-rank
structures, and manifolds [40]. The basic idea of proposed Low-
rank Representation based Denoising (LRD) approach is to approx-
imate true noise-free image patches by low-rank modeling of
image nonlocal similarities. In other words, the image patches
are grouped by block matching, such that the patches in each
group share similar underlying image structures. Thus, stack of
these similar patches into a matrix, with vectorized image patches
as its columns, forms a noisy version of an approximately low-rank
matrix. This low-rank characteristic of image nonlocal similarities
is demonstrated in Fig. 1. Based on this observation, recovery of
original image patches can be cast as the problem of low-rank
matrix recovery. This is done with the goal of estimating the latent
low-rank matrix X from its noisy observation Y:

Y ¼ Xþ rW ð1Þ
ities. (a) ‘‘House” image, (b) singular values of three matrices formed from similar
own on top of singular values plot.
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where Y ¼ ½y1; y2; . . . ; ym� 2 Rn�m is a patch matrix composed by m
similar

ffiffiffi
n

p � ffiffiffi
n

p
patches from noisy image and W denotes the noise

matrix with i.i.d. entries Wi; j � Nð0;1Þ.
A natural approach for approximating a low-rank matrix from

noisy data consists in truncating, or hard-thresholding of the sin-
gular values of the observed matrix Y. Let g : Rn�m ! Rn�m denotes

the matrix recovery scheme. Let Y ¼ URV0 ¼Pminðn;mÞ
i¼1 kiuiv0

i be the
singular value decomposition (SVD) of Y, in which ui 2 Rn and
vi 2 Rm, i ¼ 1; . . . ;minðn;mÞ are the left and right singular vectors
of Y corresponding to the singular value ki. Then the hard-
thresholding scheme can be expressed as

gH
s ðYÞ ¼

Xminðn;mÞ

i¼1

ki1ðki P sÞuiv0
i ð2Þ

where s > 0 is a threshold parameter and 1ð�Þ is the indicator func-
tion. A popular alternative estimator applies a soft thresholding rule
to the singular values of observation matrix:

gS
sðYÞ ¼

Xminðn;mÞ

i¼1

ðki � sÞþuiv0
i ð3Þ

where ðxÞþ ¼ maxðx;0Þ. In this estimation strategy, which is
referred to as singular value thresholding (SVT) [41], all the singular
values are shrunk toward zero by the same value s. In practice, hard
and soft thresholding schemes require appropriate selection of
threshold level and optimal choice of this parameter has been sug-
gested in some recent works [42,43]. However, it has been shown
that these low-rank recovery schemes are sub-optimal in the matrix
denoising problem, and in general, they may not provide a good
estimate of the underlying signal matrix to be recovered [44,45].

In our denoising algorithm we use low-rank matrix recovery
method of Shabalin and Nobel [45] who developed an optimal
singular value shrinker in the mean square error (MSE) sense.
Under an asymptotic framework, they designed a new matrix
recovery method by analyzing the effects of noise on singular value
decomposition of signal matrix X using recent results from random
matrix theory [46–48]. In such asymptotic framework, it is
assumed that the rank of X and its non-zero singular values
remains fixed as the matrix dimensions n and m grow, at the same
rate, to infinity such that the matrix aspect ratio converges to
n
m ! b. The asymptotic observation model for n-by-m matrices is
considered as follows [45]:

Y ¼ Xþ 1ffiffiffiffiffi
m

p W ð4Þ

where the noise matrix W has i.i.d. entries Wi; j � Nð0;1Þ. Given a

noisy matrix Y obeying the above model, an estimate bX of the orig-
inal matrix X based on singular value shrinkage has the general
form of:

bX ¼ gðYÞ ¼
Xminðn;mÞ

i¼1

gðkY;iÞuY;iv0
Y;i ð5Þ

where g : ½0;1Þ ! ½0;1Þ is the shrinkage function applied on
singular values of Y. In the above equation and in what follows,
the subscripts Y and X are used to respectively indicate singular val-
ues and singular vectors of matrices Y and X.

Ideally, in the recovery problem, we would like to find an esti-

mate bX closest to the original signal matrix X in terms of mean
square error (MSE); that is, we should seek a shrinkage function
g that minimize the Frobenius norm loss (MSE),

LðX; bXÞ ¼ kX� bXk2F ¼
Xr
i¼1

kX;iuX;iv0
X;i �

Xminðn;mÞ

i¼1

xiuY;iv0
Y;i

�����
�����
2

F

ð6Þ
where k � kF denotes the Frobenius norm, first sum is the SVD of X
with r ¼ rankðXÞ, and the second sum is the estimator based on
singular value shrinkage in which xi ¼ gðkY;iÞ. By using recent
advances in random matrix theory, Shabalin and Nobel [45] have
provided some results regarding asymptotic behavior of singular
values and singular vectors of model (4). These results show that
the singular values of X smaller than

ffiffiffi
b4

p
cannot be asymptotically

recovered from the observed matrix Y. Since the asymptotic
relation kY;i 6 1þ ffiffiffi

b
p

implies kX;i 6
ffiffiffi
b4

p
, we can restrict the second

sum in (6) to the top r0 singular values of Y where
r0 ¼ #fj : kY;j > 1þ ffiffiffi

b
p g and for other singular values we set the

corresponding xi to zero. It has also been shown that left singular
vectors uX;i and uY;j, and right singular vectors vX;i and vY;j for
i ¼ 1; . . . ; r, j ¼ 1; . . . ; r0 and i – j are asymptotically orthogonal.
Based on these properties, we can rewrite (6) as:

LðX; bXÞ ¼Xr0
i¼1

xiuY;iv0
Y;i � kX;iuX;iv0

X;i

��� ���2
F
þ
Xr

i¼r0þ1

k2X;i ð7Þ

By expanding the i-th term of the first sum, differentiating with
respect to xi, and setting this result equal to zero, the optimal
shrinker can be obtained:

x�
i ¼ g�ðkY;iÞ ¼ kX;ihuX;i;uY;iihvX;i;vY;ii ð8Þ

The derived optimal shrinker g� depends on the singular values
and singular vectors of unobserved matrix X and thus cannot be
directly measured. Fortunately, based on the asymptotic relations
between the singular values and singular vectors of the signal
and observed matrices, these terms are estimated as:

k̂2X;i ¼
1
2

ðk2Y;i � 1� bÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk2Y;i � 1� bÞ2 � 4b

q� �
; ð9Þ

ĥ2i ¼ 1� b

k̂4X;i

 !,
1þ b

k̂2X;i

 !
; ð10Þ

/̂2
i ¼ 1� b

k̂4X;i

 !,
1þ 1

k̂2X;i

 !
; ð11Þ

where k̂X;i, ĥi and /̂i are the estimates of kX;i, huX;i;uY;ii, and hvX;i;vY;ii
respectively. The complete definition for optimal singular value
shrinkage function can be written as

g�ðkY;iÞ ¼ k̂X;iĥi/̂i kY;i > 1þ ffiffiffi
b

p

0 kY;i 6 1þ ffiffiffi
b

p
(

ð12Þ

and the low-rank matrix recovery method is defined by the follow-
ing equation.

g�ðYÞ ¼
Xminðn;mÞ

i¼1

g�ðkY;iÞuY;iv0
Y;i ð13Þ

Fig. 2 compares the hard and soft thresholding operators with
the optimal shrinkage function of (12) for threshold value of
s ¼ 2 and aspect ratio of b ¼ 1. This figure reveals that the optimal
estimator in MSE yields a nonconvex shrinker in which the amount
of shrinkage varies with the singular values. The larger singular
values are shrunk less than the smaller ones It should be noted that
the above matrix recovery method is calibrated for the model
Y ¼ XþW=

ffiffiffiffiffi
m

p
. To apply this method to n-by-m data matrix Y

from the general model Y ¼ Xþ rW, we should use the following
estimator

g�
m;rðYÞ ¼

ffiffiffiffiffi
m

p
r � g� Yffiffiffiffiffi

m
p

r

� �
ð14Þ



Fig. 2. Comparison of hard-thresholding, soft-thresholding, and optimal shrinkage
operators.
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Using this low-rank estimator, we then develop an image
denoising algorithm by exploiting the image nonlocal self-
similarity. The algorithm is started by dividing the input noisy
image y into a set of overlapping patches fyig, where yi 2 Rn is
the i-th patch in vectorized form. A patch matrix
Y ¼ ½yi1 ; . . . ; yim � 2 Rn�m is created for each exemplar patch yi by
stacking its m nearest neighbors in Euclidean space. As explained
above, the latent clean patch matrix X corresponding to the obser-
vation data Y is assumed to be a low-rank matrix. Thus, the estima-
tion of X can be formulated as a low-rank minimization problem:

bX ¼ argmin
X

1
2

Y � Xk k2F þ skXk� ð15Þ

where the first term is data fidelity function and s is a positive con-
stant. Also, kX�k denotes the nuclear norm of the matrix X which is
defined as the sum of its singular values, i.e. kXk� ¼

Pr
i¼1kX;i,

r ¼ minðn;mÞ. The nuclear norm is the tightest convex surrogate
of rank operator and enforces low-rank in solution [41]. It was
proved in [41] that the solution to the problem in (15) can be easily
obtained by applying the soft-thresholding operator on the singular
values of observation matrix. That is

bX ¼ Ugs
sðRÞV0 ð16Þ

where Y ¼ URV0 is SVD of Y with R ¼ diagðfkig16i6rÞ, and gs
sð�Þ is the

soft-thresholding operator defined in (3). As R is a diagonal matrix,
gs
sðRÞ is equivalent to soft-thresholding of each diagonal element ki

in R:

gs
sðRÞ ¼ diagðfðki � sÞþg16i6rÞ ð17Þ
This method treats all singular values equally by shrinking them

with the same amount. In fact, nuclear norm regularization in
problem of (15) penalizes all singular values the same. However,
it is more appropriate to be able to give different weights according
to our prior knowledge of the problem. Furthermore, from the opti-
mal shrinker described above, we know that the amount of optimal
shrinkage varies with the singular values. Therefore, we employ
weighted nuclear norm regularization in order to improve the flex-
ibility of the low-rank minimization problem as follows:

min
X

1
2

Y � Xk k2F þ
Xminðn;mÞ

i¼1

wikX;i ð18Þ

where each singular value kX;i is assigned a non-negative weight
wi P 0. This minimization problem is not convex in general, which
can make it difficult to solve. But for a certain ordering of weights,
there exists a closed form solution.
Lemma 1 [49, Theorem 2.3]. For any Y 2 Rn�m and weights
satisfying 0 6 w1 6 � � � 6 wr (r ¼ minðn;mÞ), a globally optimal
solution to the optimization problem in (18) is given bybX ¼ gs

wðYÞ ¼ Ugs
wðRÞV0 ð19Þ

where Y ¼ URV0 is SVD of Y and gs
wðRÞ ¼ diagðfðki �wiÞþg16i6rÞ is the

generalized soft-thresholding operator with weight vector
w ¼ ½w1; . . . ;wr�.

According to Lemma 1 when the weights are in a non-
increasing order, such that weight decreases with singular value,
the optimal solution of problem in (18) can be efficiently obtained.
This is the estimate of the original patch matrix. Fortunately, such a
constraint is met if we compute the weights fwig using the optimal
singular value shrinkage function g� defined in (12). By plugging
(9)–(11) into the definition of g�, subtracting it from an identity
singular value shrinker and after some simplifications, we have

w�ðkÞ ¼
k2�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk2�b�1Þ2�4b

p
k k P 1þ ffiffiffi

b
p

1þ ffiffiffi
b

p
k < 1þ ffiffiffi

b
p

8<: ð20Þ

where w�ðkÞ gives the optimal weight corresponding to the singular
value k. By calculating the derivative of w�ðkÞ with respect to k, for
the case that k P 1þ ffiffiffi

b
p

, we obtain

@w�ðkÞ
@k

¼ ðb� 1Þ2 � k4

k2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk2 � b� 1Þ2 � 4b

q þ 1 for k P 1þ
ffiffiffi
b

p
ð21Þ

It is easy to show that the above expression is negative for all
k P 1þ ffiffiffi

b
p

. Thus, w�ðkÞ is a strictly decreasing function of k over
an interval ½1þ ffiffiffi

b
p

;1Þ and its maximum value is
w�ð1þ ffiffiffi

b
p Þ ¼ 1þ ffiffiffi

b
p

. Considering singular values smaller than
1þ ffiffiffi

b
p

, the optimal weighting function w�ðkÞ generates a weakly
decreasing weight sequence that satisfies the constraint of Lemma
1.

In order to use this weighting function in the weighted nuclear
norm minimization problem, we need to scale the data. This is due
to the observation model of (4) for which the optimal shrinkage
function is calibrated. Hence, we first compute _Y ¼ Yffiffiffi

m
p

r and the

weights wi ¼ w�ð _kiÞ, i ¼ 1; . . . ;minðn;mÞ using the singular values
of _Y. We then use the generalized soft-thresholding operator

defined in (19) to calculate b_X ¼ gs
wð _YÞ. Finally, the estimate bX of

the original patch matrix is obtained as bX ¼ ffiffiffiffiffi
m

p
rb_X. One of the

advantages of this method is that it is parameter-free and does
not require any threshold tuning.

After doing so for all patch matrices, the denoised patches are
aggregated to obtain the whole image estimate. This procedure is
iterated for several rounds to enhance the denoising outputs.
Inspired by work [50], we adopt the following strategy at the start
of each iteration to update the noisy image that the algorithm gets
as an input.

yðtÞ ¼ x̂ðt�1Þ þ dðy � x̂ðt�1ÞÞ ð22Þ
where t indicates the iteration number, x̂ is the estimate of original
image, and d is a small positive constant that controls the amount of
noise fed back to the next iteration. This strategy leads to perfor-
mance improvement by better recovery of fine scale image struc-
tures [50].

Due to the change of noise level in different iterations, we re-
estimate it from residual image (defined as the difference between
the noisy image and its denoised version) as follows

r̂ðtÞ ¼ c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1

N
y � yðtÞk k22

r
ð23Þ



32 M. Nejati et al. / J. Vis. Commun. Image R. 36 (2016) 28–39
where c is used as a scaling factor for the re-estimation of noise
variance and N is the total number of image pixels. The proposed
low-rank representation based denoising (LRD) algorithm is sum-
marized in Algorithm 1.

Algorithm 1. Image denoising by LRD

� Input: Noisy image y
� Initialization: x̂ð0Þ ¼ y.
� Iterate on t ¼ 1; . . . ; J
Iterative regularization: yðtÞ ¼ x̂ðt�1Þ þ dðy � x̂ðt�1ÞÞ.
Estimation of noise level r̂ðtÞ via Eq. (23).
for each patch yi in yðtÞ do
Create patch matrices Yi by block matching.
Compute _Yi ¼ Yiffiffiffi

m
p

r and SVD of _Yi.

Compute weights for singular values of _Yi via Eq. (20).

Get the estimate bXi ¼
ffiffiffiffiffi
m

p
rgswð _YiÞ.

end for

Aggregate all denoised patches bXi to reconstruct x̂ðtÞ.
� Output: x̂ðJÞ
2.2. Step 2: Sparse representation

Sparse representation models usually work in a patch-based
framework where an image is redundantly represented by sparse
coefficients of its overlapping patches. Then the recovery of image
would consist of averaging the sparse representation of all overlap-
ping patches. Let xi ¼ Rix denote a

ffiffiffi
n

p � ffiffiffi
n

p
patch at location i in

image x which is extracted and ordered as a column vector by
the patch extraction operator Ri. The operator Ri is a binary matrix
that extracts xi and converts it to a column vector. Sparse decom-
position of the image patches fxig over a dictionary D 2 Rn�K

results in sparse representations faig; ai 2 RK . From these repre-
sentations, the whole image can be reconstructed by aggregating
all of the Dai patches as follows [22]

x 	 D 
 a ,
X
i

RT
i Ri

 !�1 X
i

RT
i Dai

 !
ð24Þ

where 
 denotes the patch aggregation operator and a is the con-
catenation of all ai. Consider a noisy observation y of a clean image
x of the form y ¼ xþw where w is assumed to be zero mean i.i.d.
Gaussian noise with standard deviation r. We aim to find sparse
representations âi from patches of y that are close enough to orig-
inal ones, such that x̂ ¼ D 
 âwould be a good estimate of x. A com-
monly used approach for denoising a patch is to obtain sparse
decomposition of that patch by solving the minimization problem
of

âi ¼ argmin
a

1
2

yi � Dak k22 þ lkakp ð25Þ

where p ¼ 0;1 and k � kp is sparsity-inducing norm serving as local
sparsity regularization term. Once âi is found, the denoising result
is obtained by x̂i ¼ Dâi. However, recovering of true sparse repre-
sentation from a noisy patch is very challenging and using only
the local sparse representation model (25) may not lead to an accu-
rate enough estimate [18].

In natural images, there are usually recurrent patterns, in the
form of small image patches, across image. These nonlocal redun-
dancies can be exploited to improve the sparse representation
model. State-of-the-art denoising methods, such as BM3D [15]
and LSSC [16], are built upon such considerations. Following this
idea, we propose a nonlocal sparse model in which the sparse rep-
resentation of similar patches helps us to get a more accurate esti-
mate of the original signal. On the other hand, dictionary plays a
critical role for the success of sparse representation modeling
and data-adaptive learned overcomplete dictionaries are the most
popular ones in recent years. In contrast to [17,18], where the
authors propose to train orthogonal dictionaries, in our approach
we learn a sparsifying overcomplete dictionary which provides
more flexibility in description of data in the representation
domain. Given a set of training image patches fxigNi¼1, learning a
sparsifying dictionary D is typically formulated as

min
D2D;faigNi¼1

XN
i¼1

1
2

xi � Daik k22 þ lkaikp
� �

ð26Þ

where D is usually defined as the set of all dictionaries with unit
column-norms. To solve this problem, several algorithms have been
developed in recent years [27–29]. In our denoising method, we
adopt the mini-batch variant of online dictionary learning (ODL)
algorithm [28] which utilizes an online optimization algorithm
based on stochastic approximations to minimize the ‘1-regularized
dictionary learning problem. It has been shown in [28] that ODL
has faster convergence than batch alternatives and it can produce
better dictionaries for denoising as compared to the popular K-SVD
algorithm [27]. Furthermore, we use the denoised image resulted
from the previous step to train a dictionary instead of using the input
noisy image. This can enhance the quality of the trained dictionary
atoms, which subsequently improves the denoising results.

Given the learned dictionary, we first find the initial sparse rep-

resentations að0Þ
i of all overlapping patches by solving the mini-

mization problem of (25) with p ¼ 0. This choice of p leads to ‘0
pseudo norm regularization term which has usually better recon-
struction performance than its convex ‘1 counterpart [16]. As ‘0
minimization problem is NP-hard in general, greedy approaches
are employed to get an approximate solution. One of the most
widely used greedy approach is the orthogonal matching pursuit
(OMP) that successively selects the best atom of dictionary mini-
mizing the representation error, until a stopping criterion is satis-
fied. In our algorithm we employ a modified version of OMP,
referred to as generalized OMP (GOMP) [51], which allows selec-
tion of multiple atoms per iteration. Simultaneous selection of
multiple atoms reduces the number of iterations. Moreover, we
empirically found that identification of two atoms at each step
yields better denoising results.

It is known that natural images have local and nonlocal correla-
tions. These correlations can be partly observed in sparse represen-
tation domain too. Hence, after computing the sparse

representations að0Þ
i based on (25), we exploit the representation

of nonlocal similar patches to produce better estimate of the orig-
inal image. The nonlocal sparse model adopted here is a modifica-
tion of (25) in which the local sparsity regularization term is
replaced by a nonlocal one:

âi ¼ argmin
a

1
2

yi � Dak k22 þ lka� jik1 ð27Þ

Here ji is defined as the weighted average of initial sparse repre-
sentations associated with patches similar to the patch yi. Suppose
that Xi is a set containing indices of patches similar to yi (including
i). Then ji for i-th patch is computed as follows

ji ¼
X
j2Xi

wi;ja
ð0Þ
j ð28Þ

where the weights wi;j depend on the similarity between i-th patch
and other patches of Xi as expressed in Eq. (29):
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wi;j ¼ 1
Ai

exp � yi � yj

�� ��2
2

h

 !
; 8j 2 Xi ð29Þ

where Ai ¼
P

j2Xi
expð�kyi � yjk22=hÞ is a normalization factor. Also,

the smoothing parameter h is a positive number controlling the
exponential decay of weights with increasing of the patch-wise
Euclidean distances.

According to the above mentioned nonlocal sparse model, the
new sparse representations âi are obtained by solving the
‘1-minimization problem in Eq. (27). This problem is convex and
can be efficiently solved using iterative soft-thresholding (IST)
algorithm [52]. Based on the idea of surrogate functions of [52],
iterative solution to the problem (27) is given by:

aðtþ1Þ
i ¼ SsðvðtÞ

i � jiÞ þ ji; ð30Þ

where

vðtÞ
i ¼ aðtÞ

i � 1
c
DTðDaðtÞ

i � yiÞ ð31Þ

and Ssð�Þ ¼ signð�Þ:ðj � j � sÞþ is the soft-thresholding operator, s ¼ l
c ,

and c is a constant to guarantee the strict convexity of surrogate
function and it is selected so that DTD < c [52]. After J iterations,

all estimated patches x̂i ¼ DaðJÞ
i are averaged to obtain the final

denoised image. We initialize the IST algorithm with sparse repre-

sentations að0Þ
i obtained by error-constrained GOMP. By doing this,

a few iterations of IST is needed to obtain the improved sparse rep-
resentations based on nonlocal sparse model (27). A complete
description of denoising procedure in the second step of our algo-
rithm is summarized in Algorithm 2. We call this step as sparse rep-
resentation based denoising (SRD). Our complete image denoising
algorithm is referred to as SLRD, which applies both of LRD and
Fig. 3. The 12 test images u

Table 1
The basic parameter settings of SLRD.

Noise level r 6 15 15 < r 6 30

Parameters Step 1 Step 2 Step 1 Step

n 6 � 6 5 � 5 7 � 7 6 �
m 50 20 60 20
J 6 4 7 4
K – 256 – 256
d 0.2 0.2 0.2 0.2
c 0.34 0.34 0.34 0.34
SRD methods in succession in order to produce the final denoising
result. The outline of SLRD is presented in Algorithm 3.

Algorithm 2. Image denoising by SRD

� Input: Noisy image y and dictionary D
� Patch estimate:
for each patch yi in y do

Compute að0Þ
i by solving Eq. (25) using GOMP.

Find similar patches.
Compute ji using Eqs. (28) and (29).
Iterate on t ¼ 1; . . . ; J

Compute vðt�1Þ
i via Eq. (31).

Update representation: aðtÞ
i ¼ Ssðvðt�1Þ

i � jiÞ þ ji.
end for

� Aggregate all denoised patches x̂i ¼ DaðJÞ
i to reconstruct x̂.

� Output: denoised image x̂.

Algorithm 3. Image denoising via SLRD

� Input: Noisy image y
� Step 1: Apply LRD on y to obtain basic estimate ~x.
� Iterative regularization: ~y ¼ ~xþ dðy � ~xÞ.
� Update noise level: ~r ¼ c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � ky � ~yk22=N

q
.

� Learn dictionary D from overlapping patches of ~y via ODL.
� Step 2: Apply SRD on ~y to obtain final estimate x̂.
� Output: x̂
sed in the experiments.

30 < r 6 60 60 < r

2 Step 1 Step 2 Step 1 Step 2

6 8 � 8 7 � 7 10 � 10 9 � 9
70 20 100 20
10 5 14 5
– 512 – 512
0.2 0.2 0.2 0.2
0.34 0.34 0.34 0.34



Table 2
Denoising performance of LRD algorithm based on PSNR (dB) with three different SVD-based low-rank matrix recovery methods. Columns O, H and S respectively show results
based on singular value optimal shrinkage, hard thresholding, and soft thresholding. Best results are in bold.

r 10 30 50 100

Method O H S O H S O H S O H S

C. Man 34.38 34.12 33.74 28.58 28.37 27.95 26.45 26.03 25.62 23.43 22.97 22.72
House 36.96 36.86 36.42 32.53 32.29 31.80 30.45 30.03 29.64 26.98 26.47 26.11
Monarch 34.89 34.62 34.02 28.80 28.55 28.02 26.24 25.73 25.43 22.81 22.12 21.85
Parrot 33.77 33.60 33.29 28.35 28.08 27.71 26.18 25.70 25.42 23.30 22.75 22.48
Peppers 34.91 34.69 34.23 29.45 29.33 28.65 26.94 26.56 26.18 23.67 23.09 22.74
Straw 31.62 31.45 30.68 25.37 25.45 24.42 22.87 22.91 21.99 19.53 19.72 18.91
Barbara 35.40 35.04 34.72 30.30 30.13 29.53 27.78 27.62 27.02 24.50 24.29 23.76
Boat 34.01 33.85 33.58 29.16 29.11 28.57 26.91 26.71 26.33 24.08 23.85 23.55
Couple 34.09 33.94 33.58 28.91 28.86 28.31 26.61 26.48 26.02 23.47 23.34 22.98
Hill 33.75 33.65 33.45 29.21 29.19 28.86 27.29 27.21 26.92 24.59 24.49 24.21
Lena 36.05 35.81 35.61 31.46 31.39 30.93 29.30 29.15 28.78 26.36 26.03 25.88
Man 34.18 34.08 33.63 28.94 28.92 28.52 26.90 26.75 26.48 24.33 24.11 23.94

Average 34.50 34.31 33.91 29.26 29.14 28.61 26.99 26.74 26.32 23.92 23.60 23.26

Table 3
PSNR (dB) improvements obtained using both of sparse representation and low-rank models in SLRD algorithm compared to LRD which applies low-rank representation model
alone.

r 10 30 50 100

Method LRD SLRD Improve. LRD SLRD Improve. LRD SLRD Improve. LRD SLRD Improve.

C. Man 34.38 34.44 0.06 28.58 28.76 0.18 26.45 26.64 0.19 23.43 23.64 0.21
House 36.96 37.05 0.09 32.53 32.69 0.16 30.45 30.67 0.22 26.98 27.17 0.19
Monarch 34.89 34.95 0.06 28.80 28.93 0.13 26.24 26.42 0.18 22.81 23.05 0.24
Parrot 33.77 33.78 0.01 28.35 28.39 0.04 26.18 26.27 0.09 23.30 23.46 0.16
Peppers 34.91 35.02 0.11 29.45 29.55 0.10 26.94 27.08 0.14 23.67 23.84 0.17
Straw 31.62 31.64 0.02 25.37 25.44 0.07 22.87 22.91 0.04 19.53 19.67 0.14
Barbara 35.40 35.38 -0.02 30.30 30.34 0.04 27.78 27.85 0.07 24.50 24.54 0.04
Boat 34.01 34.09 0.08 29.16 29.27 0.11 26.91 27.04 0.13 24.08 24.22 0.14
Couple 34.09 34.17 0.08 28.91 29.02 0.11 26.61 26.74 0.13 23.47 23.62 0.15
Hill 33.75 33.83 0.08 29.21 29.31 0.10 27.29 27.41 0.12 24.59 24.75 0.16
Lena 36.05 36.10 0.05 31.46 31.51 0.05 29.30 29.38 0.08 26.36 26.48 0.12
Man 34.18 34.24 0.06 28.94 29.06 0.12 26.90 27.02 0.12 24.33 24.45 0.12

Average 34.50 34.56 0.06 29.26 29.36 0.10 26.99 27.12 0.13 23.92 24.07 0.15

(a) Original (b) Noisy (c) LRD (d) SLRD

(e) Zoom on (a) (f) Zoom on (b) (g) Zoom on (c) (h) Zoom on (d) 

Fig. 4. Comparison between the denoising results of LRD and SLRD for noisy ‘‘Cameraman” image at r ¼ 50 noise level. Note that the SLRD which exploits both low-rank
approximation and sparse representation based denoising models, produces visually more pleasant results with fewer artifacts than LRD.
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3. Experiments

In this section, we present our experimental results obtained by
the proposed SLRD algorithm to verify its denoising performance.
As done in other papers [15,16,18,20], we experimented with a
set of 12 commonly used benchmark images shown in Fig. 3, at
low, moderate, and high noise levels. We discuss the parameter
setting of SLRD algorithm in Section 3.1. In Section 3.2 we compare
the optimal singular value shrinker with two popular hard and soft
thresholding operators. The evaluations of basic and final esti-
mates, which are obtained respectively after the first and second
steps of SLRD, are presented in Section 3.3. We also compare SLRD
algorithm with recently developed state-of-the-art denoising
methods. In our quantitative evaluations, peak signal-to-noise
ratio (PNSR) is used as performance measure. The Matlab code of
our SLRD algorithm can be downloaded at http://mansournejati.
ece.iut.ac.ir/content/slrd.

3.1. Parameter setting

The proposed algorithm has several parameters including patch
size n, number of similar patches m used to create patch matrices
Table 4
PSNR comparison of proposed SLRD with five current state-of-the-art methods BM3D [15

r 5

Method BM3D LSSC NCSR SAIST SGHP SLR

C. Man 38.29 38.32 38.26 38.36 37.37 38.5
House 39.83 39.93 39.94 39.92 39.46 40.0
Monarch 38.21 38.57 38.49 38.76 37.65 38.9
Parrot 37.86 37.87 37.82 37.96 37.42 38.0
Peppers 38.12 38.19 38.11 38.17 37.90 38.3
Straw 35.37 35.91 35.83 36.03 35.24 36.1
Barbara 38.31 38.48 38.37 38.55 37.58 38.7
Boat 37.28 37.35 37.34 37.25 37.30 37.4
Couple 37.52 37.45 37.50 37.46 37.45 37.6
Hill 37.13 37.17 37.18 37.13 37.19 37.3
Lena 38.72 38.69 38.74 38.67 38.75 38.9
Man 37.82 37.89 37.85 37.92 37.82 38.0

Average 37.87 37.99 37.95 38.02 37.59 38.1

r 15

C. Man 31.92 32.06 32.01 32.08 31.77 32.1
House 34.93 35.28 35.05 34.87 34.78 35.2
Monarch 31.86 32.13 32.26 32.47 31.91 32.6
Parrot 31.38 31.40 31.37 31.44 31.33 31.6
Peppers 32.70 32.82 32.66 32.85 32.57 33.0
Straw 28.63 28.93 29.09 29.20 28.88 29.2
Barbara 33.11 33.01 33.06 33.35 32.66 33.4
Boat 32.14 32.21 32.08 32.09 32.01 32.3
Couple 32.11 32.10 32.00 32.01 31.89 32.2
Hill 31.86 31.91 31.88 31.85 31.82 32.0
Lena 34.27 34.17 34.12 34.21 34.00 34.4
Man 31.93 32.07 31.98 32.05 31.94 32.2

Average 32.24 32.34 32.30 32.37 32.13 32.5

r 50

C. Man 26.13 26.37 26.15 26.15 26.25 26.6
House 29.70 29.99 29.62 30.17 29.46 30.6
Monarch 25.82 25.82 25.76 26.10 25.77 26.4
Parrot 25.90 25.82 25.71 25.95 25.95 26.2
Peppers 26.68 26.79 26.54 26.73 26.58 27.0
Straw 22.41 22.67 22.49 22.86 22.37 22.9
Barbara 27.23 27.06 26.99 27.51 26.31 27.8
Boat 26.78 26.78 26.67 26.63 26.68 27.0
Couple 26.46 26.36 26.19 26.30 26.15 26.7
Hill 27.19 27.15 26.99 27.04 27.02 27.4
Lena 29.05 28.96 28.90 29.01 28.70 29.3
Man 26.81 26.72 26.67 26.68 26.72 27.0

Average 26.68 26.71 26.56 26.76 26.50 27.1
in first step and to compute nonlocal sparse representations in sec-
ond step of SLRD algorithm. Also, iterative regularization parame-
ter d, noise re-estimate scale factor c, number of dictionary atoms
K , smoothing parameter h, and iteration number J are among other
control variables. In our experiments, the two parameters d and c
are fixed to 0.2 and 0.34 respectively which are observed to be
appropriate, in terms of denoising performance, for all test images
across all noise levels. The smoothing parameter h is chosen based
on an empirical rule of h ¼ 7:5r

ffiffiffi
n

p
. Experimentally we found this

to be close to optimal for different images and noise variances.
The patch size, cardinality of similar patch groups, and number

of iterations in the first step of SLRD are set depending on the noise
level as follows: n ¼ 6� 6 and m ¼ 50 for r 6 15; n ¼ 7� 7 and
m ¼ 60 for 15 < r 6 30; n ¼ 8� 8 and m ¼ 70 for 30 < r 6 60;
and, n ¼ 10� 10 and m ¼ 100 for 60 < r. Number of iterations is
also set to 6, 7, 10, and 14 respectively, on the mentioned four
noise levels. These parameters were tuned to produce the best
results in terms of PSNR. As the amount of noise is reduced after
the first step, the best patch size for the second step of SLRD would
thus be smaller than that of the first step. By using GOMP for
initializing the IST, we found empirically that a few iterations of
the IST algorithm are sufficient to obtain improved sparse
], LSSC [16], NCSR [18], SAIST [20], and SGHP [19]. Best results are in bold.

10

D BM3D LSSC NCSR SAIST SGHP SLRD

2 34.19 34.24 34.18 34.30 33.78 34.44
9 36.72 36.95 36.80 36.66 36.30 37.05
1 34.12 34.46 34.51 34.76 34.08 34.95
3 33.57 33.61 33.56 33.66 33.43 33.78
7 34.68 34.80 34.68 34.82 34.55 35.02
0 30.92 31.38 31.45 31.60 31.17 31.64
2 34.98 34.99 35.00 35.24 34.31 35.38
4 33.92 34.03 33.91 33.91 33.81 34.09
7 34.04 34.01 34.00 33.96 33.87 34.17
0 33.62 33.68 33.69 33.65 33.59 33.83
4 35.93 35.86 35.85 35.90 35.63 36.10
5 33.98 34.11 34.05 34.12 33.93 34.24

8 34.22 34.34 34.31 34.38 34.04 34.56

30

7 28.64 28.64 28.59 28.36 28.59 28.76
5 32.10 32.34 32.06 32.31 31.91 32.69
4 28.36 28.20 28.47 28.65 28.28 28.93
3 28.12 27.97 28.04 28.12 28.13 28.39
4 29.28 29.26 29.10 29.24 29.05 29.55
6 24.94 25.15 25.13 25.41 25.08 25.44
7 29.81 29.64 29.62 30.14 29.49 30.34
2 29.12 29.07 28.94 28.98 28.93 29.27
6 28.87 28.78 28.57 28.72 28.54 29.02
8 29.16 29.10 28.97 29.06 28.95 29.31
1 31.26 31.22 31.06 31.27 30.93 31.51
2 28.86 28.88 28.78 28.81 28.78 29.06

6 29.04 29.02 28.94 29.09 28.89 29.36

100

4 23.08 23.11 22.93 23.09 22.40 23.64
7 25.88 25.77 25.57 26.54 24.97 27.17
2 22.52 22.23 22.12 22.61 21.60 23.05
7 22.96 22.76 22.53 23.04 21.80 23.46
8 23.39 23.18 22.84 23.32 22.30 23.84
1 19.59 19.51 19.41 19.56 19.39 19.67
5 23.62 23.62 23.19 24.07 22.61 24.54
4 23.97 23.91 23.68 23.80 23.40 24.22
4 23.51 23.28 23.15 23.21 22.96 23.62
1 24.58 24.43 24.36 24.29 24.15 24.75
8 25.95 25.93 25.72 25.93 25.14 26.48
2 24.22 23.97 24.02 24.01 23.69 24.45

2 23.61 23.48 23.29 23.62 22.87 24.07

http://mansournejati.ece.iut.ac.ir/content/slrd
http://mansournejati.ece.iut.ac.ir/content/slrd


(a) Original (b) Noisy (c) BM3D (d) LSSC 

Fig. 5. Comparison of denoising results on ‘‘Monarch” image contaminated by AWGN of r = 30. (a) Original image, (b) noisy image, (c) BM3D [15] (PSNR = 28.36 dB), (d) LSSC
[16] (PSNR = 28.20 dB), (e) NCSR [18] (PSNR = 28.47 dB), (f) SAIST [20] (PSNR = 28.65 dB), (g) SGHP [19] (PSNR = 28.28 dB), and (h) SLRD (PSNR = 28.93 dB).
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representations based on nonlocal sparse model (27). For the num-
ber of dictionary atoms we tested several settings and chose
K = 256 for r 6 30 and K = 512 for other noise levels. By experience
we observed that increasing K beyond these choices does not sig-
nificantly improve denoising performance while the computa-
tional cost and memory requirements are increased. The
summary of parameter settings for the proposed SLRD algorithm
is reported in Table 1.

3.2. Assessment of optimal shrinker

Hard thresholding and soft thresholding of singular values are
popular methods in low-rank approximation problems. However,
these methods are sub-optimal in low-rank matrix denoising. In
our algorithm we use the matrix recovery method of (13) that is
based on an optimal singular value shrinkage function.We compare
this optimal shrinker with hard and soft thresholding operators
according to their denoising performance within our nonlocal
patch-based denoising framework (Algorithm 1). The PSNR com-
parison over different noise levels are reported in Table 2. It should
be mentioned that in this experiment, the threshold parameter of
hard and soft thresholding is optimally selected according to recent
works [42,43] respectively. From Table 2, we can see that the
optimal shrinkage function leads to better denoising performance
compared with the hard and soft thresholding ones.

3.3. Results and discussion

We evaluate the proposed denoising algorithm through
experiments on 12 widely used images at different noise levels.
To validate the effectiveness of combined use of low-rank and
nonlocal sparse representation models, we first assess the denois-
ing results of LRD alone and compare it with the results of SLRD. By
doing so, we can assess how much improvement is achieved by the
second step of the algorithm. In Table 3, the PSNR results of the
SLRD algorithm are compared to that of LRD for different values
of noise standard deviation. It can be observed that SLRD leads to
higher PSNR values than LRD in almost all cases, especially at high
noise levels. In fact, application of nonlocal sparse representation
model in the second step of SLRD, improves the output denoising
results of low-rank model. On the average, SLRD provides 0.06–
0.15 dB PSNR improvement for r = 10–100 over the LRD method.
Such an improvement is worthy of attention since LRD alone out-
performs several state-of-the-arts such as the benchmark BM3D
method [15].

For illustrative purposes, we show an example of the denoising
outputs by LRD and SLRD on ‘‘Cameraman” image, corrupted by
AWGN of r = 50 in Fig. 4. In this example, the SLRD provides an
improved PSNR of 0.19 dB over the LRD algorithm and this
improvement is also visually apparent. As can be seen from the
close-up views of Fig. 4(g) and (h), SLRD leads to better restoration
with fewer artifacts than LRD in regions around the camera and the
man’s head. The artifacts observed in the result of LRD may be due
to the shortage of similar patches in such regions. This would
degrade the quality of low-rank based collaborative estimates for
matched patches. Learned sparse image models as in the SRD can
handle such situations by exploiting the redundancy between
overlapping patches. In addition, LRD tends to produce a very weak
noise-like pattern in flat areas of image when the noise level is
moderate or high (i.e. r > 30). This arises from the fact that the
noise in a group of overlapping similar patches is partially
correlated which can lead to reconstruction of incorrect low-rank
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patterns as the output of low-rank estimator. These artifacts are
drastically reduced after the second step of our SLRD algorithm.

We have also compared the proposed SLRD algorithm with sev-
eral state-of-the-art image denoising methods, namely block-
matching with 3D transform (BM3D) [15], learned simultaneous
sparse coding (LSSC) [16], spatially adaptive iterative singular-
value thresholding (SAIST) [20], nonlocally centralized sparse
representation (NCSR) [18], and segmentation-based gradient
histogram preservation (SGHP) method [19]. The denoising results
of all competing methods are obtained using the source codes or
executables provided by their authors, and all experiments are per-
formed with the same noise realization for each choice of r. The
PSNR results of these state-of-the-art techniques and the proposed
one for the 12 test images at different noise levels are reported in
Table 4 where the best results are bolded. As can be seen from
Table 4, the highest PSNR performance in almost all cases belongs
to the proposed SLRD and our method consistently outperforms all
the other ones at all noise levels. In terms of average PSNR results,
SLRD surpasses the benchmark method of BM3D by 0.31–0.46 dB
at all six noise levels. The maximum improvement compared to
BM3D is for the ‘‘House” image at r ¼ 100, where 1.3 dB improve-
ment in PSNR is obtained. SLRD also achieves noticeable PSNR
improvements over the SAIST method, as its closest competitor,
especially for high values of r.

For visual evaluation, the denoising results of SLRD and all
competing methods at three different noise levels are shown in
Figs. 5–7. In Figs. 5 and 6 we compare the denoising outputs for
two typical images (‘‘Monarch” and ‘‘House”) corrupted with med-
ium noise levels of r = 30 and r = 50, respectively. Close-up views
(a) Original (b) Noisy 

Fig. 6. Comparison of denoising results on ‘‘House” image contaminated by AWGN of r
[16] (PSNR = 29.99 dB), (e) NCSR [18] (PSNR = 29.62 dB), (f) SAIST [20] (PSNR = 30.17 dB
are shown in the bottom of each result for better visualization. It
can be observed from these figures that the results of BM3D, LSSC
and SGHP suffer from artifacts in smooth areas and around edges
which this situation is more severe for SGHP. In the results of NCSR
one can also observe the undesirable visual artifacts in some
regions. NCSR tends to blur the edges such as roof borders and
edges of chimney in ‘‘House” image more than other methods
(see Fig. 6(e)). The best visual quality at medium noise strengths,
in general, is achieved by SLRD and SAIST. However, as shown in
the close-up views of Figs. 5 and 6, SLRD leads to better restoration
of edges and fewer artifacts than SAIST.

Fig. 7 shows an example of denoising results with strong noise
contamination (r = 100). As demonstrated in this figure, the visual
quality improvement of our method over the other ones is notice-
able in this extreme case. In particular, SLRD considerably outper-
forms all competing methods in preservation of both edge
structures and smooth features of the image, and gives the most
visually pleasant denoising result of ‘‘Barbara” image which has
much fewer artifacts than the other methods. Overall, it can be
concluded from the experiments, that by both visual comparison
and objective assessment, the proposed method shows better
denoising performance compared with the state-of-the-art meth-
ods. In our MATLAB implementation, SLRD takes about 80 s to
denoise a 256 � 256 image, with a noise level of r = 20, on a
3.40 GHz Intel Core i7 CPU. Compared with SLRD, the running time
of competing methods is about 210 s for LSSC, 164 s for NCSR, 20 s
for SAIST, and 152 s for SGHP. The fastest method is BM3D (about
0.7 s) but it should be noted that, unlike the other compared meth-
ods, it is implemented with compiled C++ mex-function.
(c) BM3D (d) LSSC

= 50. (a) Original image, (b) noisy image, (c) BM3D [15] (PSNR = 29.70 dB), (d) LSSC
), (g) SGHP [19] (PSNR = 29.46 dB), and (h) SLRD (PSNR = 30.67 dB).



(a) Barbara (cropped) (b) Noisy (c) BM3D (d) LSSC

Fig. 7. Denoising of ‘‘Barbara” image contaminated by AWGN of r = 100. The cropped regions of results obtained by (c) BM3D [15] (PSNR = 23.62 dB), (d) LSSC [16]
(PSNR = 23.62 dB), (e) NCSR [18] (PSNR = 23.19 dB), (f) SAIST [20] (PSNR = 24.07 dB), (g) SGHP [19] (PSNR = 22.61 dB), and (h) SLRD (PSNR = 24.54 dB) are compared.
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4. Conclusion

In this paper, we presented a new image denoising algorithm
which makes use of sparsity and low-rank priors within a nonlocal
patch-based denoising framework. The denoising procedure is
accomplished in two successive steps based on the low-rank
approximation of nonlocal self-similarities and the sparse
representation using a learned overcomplete dictionary, respec-
tively. Thanks to recent advances in random matrix theory and
low-rank matrix recovery, it was shown that there is an optimal
SVD-based estimator to the problem of reduced-rank matrix recov-
ery from its noisy observation which does not require any thresh-
old tuning. Using this efficient SVD-based scheme, we developed
an iterative low-rank regularized collaborative filtering as the first
step of our denoising algorithm. Nonlocal learned sparse model is
adopted in the second step to further improve the denoising per-
formance. In this step, the image nonlocal redundancy is exploited
to modify the initial sparse representations and produce a more
accurate estimate of the original image. From experiments carried
out with a collection of standard test images, it was demonstrated
that the proposed algorithm not only leads to superior PSNR per-
formance compared with the state-of-the-art methods, but also
provides better restoration of both the smooth and the texture/
edge regions and produces much less visual artifacts than other
approaches. It should be noted that the denoising performance of
our algorithm has shown convincing improvements over the
benchmark BM3D method at all tested noise levels.
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